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PREFACE 2006

Since the publication of the first edition of this biography in 1980
there has been more recognition of Peano in Italy. In particular, on 27—
28 October 1982, with contributions from the University of Turin and
the National Research Council, the 50th anniversary of his death was
remembered in celebrations at the university, where the mathematics
library was dedicated to his name, and at the Academy of Sciences of
Turin, with lectures by five scholars. On 29 October the celebrants
traveled south to Cuneo, where a seminar was held at the scientific
secondary school (long since named after Peano) and a round table
discussion was held in the City Hall. A plaque was also unveiled (by his
niece Caterina Peano) on Peano’s birthhouse in Spinetta. It was all a
fitting tribute to the great mathematician.

For me, however, the occasion had a bitter taste, for I was not in-
vited to participate. I was in Europe when I learned of the plans for the
celebration, and I let it be known to the organizer (through an Italian
friend) that I wished to attend. Thus the decision not to invite me was
deliberate. One of the five lecturers later told me that he asked the or-
ganizer why I was not there and was told that I had been invited, but
declined to come. That was a lie. I can only speculate on the reason for
my exclusion.

In the meantime, my biography had been translated into Italian
by Paolo Pagli of the University of Siena, whom I met in May 1980,
when I gave a lecture on Peano at that university. It was also planned
to be published in 1982, but did not appear until the following year.
Professor Pagli’s translation is excellent. In addition he corrected many
errors in the English edition. And I was gratified that his edition included
the reference notes that had been omitted from the original edition. I
am deeply grateful to Professor Pagli for the wonderful care he took in
the translation. His corrections and the reference notes have all been
included in this new edition. Footnote citations are in the standard au-

thor-date system and refer to the Bibliography (which also includes



X Preface 2006

other works used in preparing this biography). Peano’s own publica-
tions are cited in the text in square brackets [thus] and refer to the
Chronological List of those publications. For convenience, there are also
citations to the three-volume Opere Scelte of Peano’s works (see Chrono-
logical List of the Publications of Giuseppe Peano).

By the time the original edition of Peano was published, I was al-
ready involved in researching another biography, that of the first homo-
sexual theorist/emancipationist Karl Heinrich Ulrichs. I completed it
during a “terminal” sabbatical year from Providence College (Rhode
Island) in 1985-1986, after which I moved to San Francisco. (The sab-
batical was a reward for early retirement from Providence College—
whose administration was anxious to be rid of me.)

Shortly before leaving Rhode Island, I had been contacted by Mi-
chael Segre, who was preparing a Habilitationsschrift on Peano at the
University of Munich. Since I did not expect to do anything further with
my Peano material—and was reluctant to take it with me to San Fran-
cisco—I donated the material and all related books to the History of
Science Institute of the University of Munich, where Segre could make
use of it. His work was published in 1994. There have also been other
studies of Peano’s work, but I have made no effort to keep up with
them and their results are not included here.

I should also mention that the Italian translation of 1983 also in-
cluded a “presentation” by Lalla Romano, a relative of Peano who knew
him when she was a child. It gave the book a personal touch that I was
unable to provide. I regret that I never met her when I was preparing
the biography. I would have been more careful in describing Peano’s
rural childhood and farm work. As Romano pointed out, Peano’s father
was not a farm “worker” (contadino), but rather a “landowner” (proprie-
tario). And her sensitivity in this matter was especially offended by the
expression I reported in Chapter 1: “His background was later slight-
ingly referred to as ‘sub-proletarian’.” She found this to be “an ‘indict-
able’ [incriminabile] expression and at the same time downright comi-
cal.” But she also found “the improper use of this expression to be par-

ticularly excusable in an American.” I suspect she would not be so
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quick to excuse Peano’s colleague at the University of Turin, Professor
F. G. Tricomi, who not only used this expression about Peano, but an-
other that I thought much more offensive, namely scemo (idiot).

I did not expect there would ever be an occasion for another edi-
tion of my biography. But the Internet opens up new possibilities, so
that I decided in 2002 to make a new edition as an ebook, available as
a free download from my web site. The text was essentially the same as
the 1980 edition, but with the corrections of the Italian edition and, of
course, the reference notes, whose absence early reviewers deplored—
as did I. The advent of print-on-demand publishing has also made a
new print edition feasible. The present edition, printed by Lulu Press, is
essentially that of the 2002 ebook.

Here (and in the ebook) I have been able to include several illus-
trations. Among them are a few small souvenirs of Peano that I could
not bear to part with: his ingenious perpetual calendar, the complete
grammar of Interlingua on a postcard, and an autograph postcard writ-
ten to his disciple Ugo Cassina only a couple of days before his death.
Thus I hope that readers who know the original edition will also find
something new to interest them. And of course I hope that, with the
availability of the book on the Internet and now in this print-on-
demand edition, it will find new readers. Giuseppe Peano was one of

the great Italian mathematics. He deserves to be much better known.

Hubert Kennedy

Concord, California
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PREFACE [1980]

All students of mathematics know of Peano’s postulates for the
natural numbers and his famous space-filling curve, yet their knowl-
edge often stops there. Part of the reason is that there has not until now
been a full-scale study of his life and works. This must surely be sur-
prising, when one realizes the length of his academic career (over 50
years) and the extent of his publications (over 200) in a wide variety of
fields, many of which had immediate and long-term effects on the de-
velopment of modern mathematics. A study of his life seems long over-
due.

It appeared to me that the most likely person to write a biography
of Peano would be his devoted disciple Ugo Cassina, with whom I stud-
ied at the University of Milan in 1957-1958. I wrote to Professor Cas-
sina on 29 October 1963, inquiring if he planned to write the biography,
and I offered him my assistance, since I hoped to return to Italy for a
year. He replied on 28 November 1963, suggesting that we collaborate,
meaning by this that I would write the biography, in English, using his
material and advice. I gladly agreed to this suggestion, but work on the
project had hardly begun when Professor Cassina died unexpectedly on
5 October 1964 [see Gliozzi 1966]. I then decided to continue the pro-
ject on my own.

I spent the academic year 1966-1967 in Turin; completion of the
book took ten years. In the meantime, however, I gave priority to trans-
lating a selection of Peano’s writings, which was published as Selected
Works of Giuseppe Peano (University of Toronto Press, 1973). Fortu-
nately, I have been able to gather some information from people who
knew Peano personally, but much documentary evidence has been lost,
and it continues to disappear. (Some material I have seen has since
disappeared, even from places where I thought it secure. One librarian,
who had been given a number of Peano’s postcards, destroyed them

with the comment that they had no place in a ‘library.”)
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Consequently, I gave more attention to Peano’s publications. To
my surprise, I was able to increase Cassina’s already extensive list by
about 20%. Because many of these publications are rare and difficult
to find, I have mentioned and described the contents of each, using for
reference the numerical ordering begun by Peano himself and contin-
ued by Cassina. These references are placed within brackets [thus].

A large number of people and institutions have helped in the
preparation of this biography, and I am grateful to them all. My par-
ticular thanks go to Peano’s nieces Carola, Maria, and Caterina, who
shared their recollection of their uncle with me and furnished the pho-
tograph that appears as frontispiece [now on page 119]. I would not
have begun the biography without the suggestion of Ugo Cassina and
would not have completed it without the encouragement of Kenneth O.
May, who called it a “priority project in the history of mathematics.”
Among institutions whose libraries and librarians have been of assis-
tance should be mentioned: Akademie der Wissenschaften der DDR
(Berlin), Bertrand Russell Archives (McMaster University, Hamilton,
Ontario), Biblioteca Civica di Cuneo, Brown University (Providence,
Rhode Island), Columbia University (New York), Eidgendssische Tech-
nische Hochschule (Zurich), Institut Mittag-Leffler (Djursholm, Swe-
den), Niedersidchsische Staats- und Universitdtsbibliothek (Gottingen),
Staatsbibliothek Preussischer Kulturbesitz (West Berlin), and Universita
di Torino.

I acknowledge my debt of gratitude to all these and many others
not mentioned. I alone am responsible for this work’s many deficiencies,

of which I am painfully aware.

Hubert Kennedy
San Francisco, 11 July 1979



CHAPTER 1

CHILDHOOD

Cuneo, capital city of the province to which it gives its name, is
located in northeastern Italy, halfway between the industrial center of
Turin to the north and the city-state of Monaco on the Mediterranean
coast to the south. On the east side of Cuneo flows the stream called
‘Torrente Gesso’ and on the west flows the Stura River. Their conflu-
ence forms the ‘wedge’ (cuneo in Italian) that gives the city its name.
Across the Torrente Gesso, about three miles from Cuneo, is the cross-
roads village of Spinetta, and nearby is the farmhouse called ‘Tetto
Galant,” where Giuseppe Peano was born on 27 August 1858. The name
is typical of the region, if more elegant than others, such as ‘Tetto dei
Galli’ or ‘Tetto del Lupo.’ The entrance to the living quarters is through
the kitchen, which is almost on ground level. Up a few steps is the liv-
ing room and opening from this is the bedroom, which gives onto a
balcony with steps leading down to the garden below, through which
a small brook flows. A steep stairway in the living room leads into the
attic, where Giuseppe slept as a child.

He was the second child of Bartolomeo and Rosa Cavallo Peano.
His brother Michele was seven years older than he; there were two
younger brothers, Francesco and Bartolomeo, and a sister, Rosa. He
first attended the village school in Spinetta, each day in winter carrying
the stick of firewood that the pupils were asked to bring for the school
stove. He next joined his brother in the daily walk to school in Cuneo.
Later their parents relieved them of this by renting their home and
field, and moving into Cuneo. There they lived in two rooms in the area
Lazzareto, later named Baluardi Gesso. When Francesco and Rosa com-
pleted elementary school, they returned to Tetto Galant to work in the
field with their father. The other children stayed in Cuneo with their

mother.
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The oldest son, Michele, went on to technical school and became
a successful surveyor. He married Giuseppina Pellegrino and had seven
children: Michele, Alessio, Carmelo, Giuseppina, Carola, Caterina, and
Maria. Francesco married Lucia Giraldo, Bartolomeo became a priest,
and Rosa married Luigi Bernardi.

Giuseppe’s uncle (mother’s brother) G. Michele Cavallo was a
priest and lawyer in the episcopal curia in Turin. Seeing that Giuseppe
was ahead of his fellow pupils, this uncle invited him to Turin to com-
plete his studies. Thus Giuseppe left Cuneo sometime in 1870 or 1871
and lived with his uncle in Turin, although his summer holidays were
spent helping his parents in their work on the farm. In Turin he re-
ceived private instruction at the Istituto Ferraris and from his uncle,
taking final exams at the Ginnasio Cavour in 1873. He then enrolled
as a pupil in the Liceo Cavour, where he received the licenza liceale in
1876.

Giuseppe’s ability was early recognized, prompting his uncle to
invite him to Turin. But the sacrifices of his parents for the education of
their children must be recognized. Their dedication was extraordinary
in a time of widespread rural illiteracy. His background was later
slightingly referred to as ‘sub-proletarian,” but Giuseppe was proud of
his origins and retained his love of the land. Many anecdotes are told to
illustrate this. For example, once while a university student, during the
summer, he went with his father into Cuneo to buy some sheep at the
market, and he drove them home while his father stayed on other busi-
ness. Later in life he was happiest during the time spent at his villa in
Cavoretto near Turin. There he bought a piece of land that he always
called his ‘Eden.” He retained love of animals, too, especially dogs, giv-
ing them names from Greek mythology: Argo (Argus), Febo (Phoebus
Apollo), and Melampo (Melampus).

Peano did not continue practicing the Catholic religion in which
he had been reared, despite the influence of his uncle and his continued
affection for his brother Bartolomeo, who became a priest. Typically,

when later in life he took a niece or nephew on a trip with him, he
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would take them to a church on Sunday and return for them after the
Mass was over.

Giuseppe loved learning; his final exam at the Liceo Cavour was
very good and he obtained a room-and-board scholarship at the Colle-
gio delle Provincie, that had been established to make university study
possible for young people from the provinces. Thus began an associa-
tion with the University of Turin that was to last until his death 56

years later.

Tetto Galant



CHAPTER 2

STUDENT YEARS

Peano officially enrolled as a student at the University of Turin on
2 October 1876, when he duly paid the 40 lire enrollment fee and one-
half of the year’s tuition fee of 132 lire. (He paid the second half on 20
April 1877.) It was probably after then that he moved into the Collegio
delle Provincie. The Solemn Inauguration of the academic year took
place in the Great Hall of the University on Monday, 20 November
1876. The rector was Ilario Filiberto Peteri, professor of canon law. He
had been rector since 1874 and this was his last year. The principal
speaker was Luigi Schiaparelli, professor of ancient history, who spoke
‘On the latest advances in the history of the ancient Orient and their re-
lation to the future of the Royal University of Turin.” Peano may have
heard Schiaparelli’s talk. It is more likely that he was busy getting
acquainted with his classmates at the Collegio delle Provincie, six of
whom were also among the 103 students who registered for the first
year of the lower two-year program in the mathematical and physical
sciences. These six were: Michele Barale, Emilio Favre, Luigi Foresti,
Carlo Losio, Raimondo Miracca, and Giuseppe Signorelli. All but Barale
and Foresti completed the two-year program in 1878, but only Peano
continued in mathematics. Most of the others entered the engineering
program, as Peano also had originally intended to do.

Classes began the next day. Peano’s first class was with Enrico
D’Ovidio in analytic geometry. This class met at 8:45 in Room 17.
Peano’s next class was at 12:30 in Room 16b: ornamental design with
Carlo Ceppi. At 2:00 he returned to Room 17 for a class in projective
geometry and design. Giuseppe Bruno was listed as the professor for
this course, but it was actually taught by Donato Levi. On Wednesday
Peano’s first class was at 10:15 in Room 20. The subject was chemistry
and the professor Hugo Schiff (or Ugo Schiff, as he was known in Tu-

rin). Design was Peano’s only other class on Wednesday. On Thursday
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at 8:45 in Room 17 he had his first class in algebra. The professor was
D’Ovidio again. Thus Peano had five courses that year: algebra, with
classes on Monday and Thursday; analytic geometry, with classes on
Tuesday and Saturday; projective geometry, with classes on Tuesday,
Thursday, and Saturday; chemistry, with classes on Monday, Wednes-
day, Friday, and Saturday; and design, with classes every day except
Thursday. Although D’Ovidio’s classes each met only twice a week,
they were 1% hours long, as were Ceppi’s.

During the year 1876-1877 there was a total of 1334 enrolled
students at the university (and 404 fuori corso, who still had exams to
take), of which 458 were first-year students, and of these 103 were
enrolled in mathematics.

Near the end of Peano’s first year at the university he competed
for the prizes available to students in the Faculta di Scienze. The result
of this competition was announced on 8 June 1877. The cash awards
included two ‘Balbo’ awards and three ‘Bricco e Martini’ awards. Seven
students were given honorable mention. Peano received fourth honor-
able mention and was the only first-year mathematics student in the list
of awards. Already on 20 April 1877 he had paid the examination fee.
On Tuesday, 3 July, he had two exams: one was in chemistry and he
received 8 of a possible 9 points; the other was in algebra and analytic
geometry and he received 9 of 9 ‘with honors.” On the following Tues-
day he had an exam in projective geometry and received again 9 of 9.

Peano probably left shortly afterwards to spend the summer with
his family in Cuneo. He was back in Turin by Monday, 19 November
1877, when classes began for the new academic year. (He paid the first
half of his tuition fee on that date.) Except for Ceppi, he had all new
professors that year.

Probably Peano arrived in Turin in time to attend the Solemn In-
auguration of the academic year on Saturday, 17 November. The prin-
cipal speaker was Michele Lessona, professor of zoology and rector of
the university. Peano had elected to take the zoology course with him

that year. Lessona spoke ‘On the zoological studies in Piedmont.’
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Peano’s first class of the new academic year was at 8:00 in Room
21. This was the zoology course with Lessona. It met every day. His
second class was at 9:00, again in Room 21. This was mineralogy and
geology with Giorgio Spezia, a course intended for those planning to
continue in engineering. It met on Monday, Wednesday, and Friday. At
10:15 Peano went to Room 17c for the course in infinitesimal calculus
which met on Monday, Tuesday, Thursday, and Saturday. The professor
was Angelo Genocchi, although Eligio Martini seems to have shared
some of the responsibility. His design class with Ceppi met (every day
except Thursday) at 12:30 in Room 15. At 2:00 Peano had a physics
class in Room 9 with Giuseppe Basso. This class met on Monday,
Wednesday, and Friday. Thus Monday was a very full day of classes for
Peano since all of his courses, except descriptive geometry met on that
day. Descriptive geometry was taught by Giuseppe Bruno and met on
Tuesday, Thursday, and Saturday at 2:00 in Room 17b.

By the end of Peano’s second year there were 106 students en-
rolled for the second-year concentration in pure mathematics. Peano
again competed for the ‘Balbo’ and ‘Bricco e Martini’ prizes. This time
he placed fourth in the list of prize winners, the only second-year stu-
dent to receive one of the six money awards. Peano’s award of 200 lire
more than made up for the tuition fee of 132 lire (which he had again
paid in two installments) and the exam fee of 20 lire.

Peano took his exams in July, earning the maximum number of
points, nine, in each of the subjects: calculus, descriptive geometry, and
physics. Only these exams are listed in the university register, where
there is also a notation that a diploma of licenza was issued on 3 No-
vember 1878 (a Sunday!). On the next day the inaugural lecture of the
new academic year was given by Count Carlo Bon-Compagni, professor
of constitutional law, on the topic ‘Ancient oriental despotism and the
liberty of Greece.” Peano’s third-year classes began the day following
this.

At first Peano had planned to continue in the Royal Engineering
School, as indeed almost all his classmates did. He obtained there an

exemption from the tuition fee. But he decided to remain in pure
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mathematics and was able, on 26 October 1878, to have his fee exemp-
tion validated by the rector of the university. By 20 December 1878,
the university counted 1509 enrolled students and 608 fuori corso, but
Peano found himself the only third-year student enrolled in pure
mathematics!

According to the university yearbook, Peano’s first class that
Tuesday was geodesy with Giuseppe Lantelme, who was officially sub-
stituting for Camillo Ferrati. This class met Tuesday, Thursday, and
Saturday, at 8:30 in Room 17b. This was followed by rational mechan-
ics with G. B. Erba in the same room at 10:00, this class meeting on
Monday, Tuesday, Wednesday, Friday, and Saturday. In the afternoon
he had a class with Francesco Faa di Bruno in higher analysis. This
class met at 2:00 on Tuesday, Thursday, and Saturday in Room 17c.
All of these were new professors for Peano. He was already acquainted
with Enrico D’Ovidio, whose class in higher geometry met on Wednes-
day and Friday at 8:45 in Room 17c. The university register has no
record of any exams in these courses, but there is a notation, dated 13
June 1879, that he was dispensed from the exam fee.

During his summer vacations, Peano rejoined his family on the
farm Tetto Galant. He was very fond of his family and in later years
helped them to the extent he was financially able.

Peano’s fourth and final year as a student began officially on 3
November 1879, when Domenico Tibone gave the inaugural lecture on
‘The Role of Medicine in Modern Civilization.” D’Ovidio was now chair-
man of the Faculty of Mathematical, Physical, and Natural Sciences.
Peano was again dispensed from all fees (from the tuition fee on 29
November 1879, and from the exam and diploma fees on 1 June 1880).
Classes began on Tuesday, 4 November. The regular courses for fourth-
year mathematics students were astronomy, higher mechanics, and
mathematical physics. Peano did not take the course in astronomy, but
added another course in higher geometry with D’Ovidio. Mathematical
physics was taught by Giuseppe Basso. Only Francesco Siacci, who

taught the course in higher mechanics, was new to Peano.
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His final examination was held on Friday, 16 July 1880. Accord-
ing to the university register, he was tested in rational mechanics, theo-
retical geodesy, higher geometry, higher mechanics, and mathematical
physics. Four other students were examined that year. Only Peano and
Antonio Barberis were successful. Barberis graduated with ‘honors’ (pie-
ni voti legali) and Peano with ‘high honors’ (pieni voti assoluti). No one
received ‘highest honors’ (lode). Peano received the maximum number
of points (18 out of 18) and was duly proclaimed dottore in matematica.

His diploma to that effect was issued on 29 September 1880.

ANGELD GENOGCHI

CALCOLO DIFFERENZIALE

PRINCIPIL DI CALCOLO INTEGRALE

FERBLECANS d%0 sidiaTd

0" GIUSEPPE PLAMND
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CHAPTER 3

UNIVERSITY ASSISTANT

Enrico D’Ovidio had shortly before been instrumental in persuad-
ing the Minister of Public Instruction to establish the position of univer-
sity assistant. This gave young graduates a way of continuing their edu-
cation and furnished a first step toward a university career. D’Ovidio,
himself, always tried when possible to confer this position on the best
graduates, which made the position of assistant for algebra and analytic
geometry especially desirable. D’Ovidio’s first assistant, Fortunato
Maglioli, was appointed for the year 1878-1879. He was followed in
1879-1880 by Francesco Gerbaldi. Peano was appointed for the year
1880-1881.

One of the 92 freshmen students under Peano’s care during his
first year as assistant was Giovanni Vailati, who would later be Peano’s
assistant. We may learn something of Peano’s duties as assistant from
the description of his own duties given by Vailati in a letter to his

cousin Orazio Premoli on 22 December 1892:

In the days just passed my teaching duties have left me little
free time, not so much because of the frequency of the hours of
school (nine a week, of which three consist of merely attending
the lesson of the principal) as for the necessary preparation and
elaboration of the topics to discuss so as to avoid the danger of

pulling a boner.’

For Peano, the hours of attending the lessons of the ‘principal’
were probably four, as D’Ovidio had algebra classes scheduled for
Tuesday and Thursday, and analytic geometry classes scheduled for
Wednesday and Saturday, all at 8:45. Peano had now moved from the

! Vailati 1971, 20.
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Collegio delle Provincie, at No. 15, Via Po, to a room at No. 50 of the
same street, so he had no difficulty meeting the early classes. He gained
a reputation as a good teacher (although the reputation suffered in later
years). This was in spite of a somewhat hoarse voice, said to have been
the result of an attack of pneumonia, and an inability to pronounce the
letter ‘r’. His students made fun of this, calling him “the professor of the
tle tle,” because of the way he said tre (three).

This year saw the first of Peano’s over 200 publications. His first
paper was read by D’Ovidio at a session of the Academy of Sciences
(mathematical and physical sciences section) on Sunday, 10 April 1881.
This and the three publications of the following academic year, while
containing some interesting ideas, were not very important for Peano’s
later development, since they only followed up some of the researches
of his teachers D’Ovidio and Faa di Bruno (see in the Chronological List
of publications [1]-[4].)

This year, too, Peano probably had increasing contact with Enrico
Novarese, who was almost exactly Peano’s age, and was one of only
two awarded the laurea in mathematics at the close of the year. No-
varese, who died prematurely in 1892, was one of the founders, with
Peano, of the Rivista di Matematica.

The following academic year, 1881-1882, Novarese became
D’Ovidio’s assistant and Peano became assistant to Angelo Genocchi,
who held the chair of infinitesimal calculus. Thus Peano moved up with
his students, calculus being a second-year course, and would again have
had contact with Vailati. Classes were scheduled for Monday, Tuesday,
Thursday, and Saturday, with exercise sessions on Wednesday and Fri-
day, all at 10:15. Peano was certainly in charge of the exercise sessions.

This year was notable in the life of the university because of the
student disturbances. The previous year D’Ovidio had been named rec-
tor of the university and began a new policy of reviewing in the year-
book ‘the most notable things’ of the preceding year. Of the year 1881-
1882 he wrote:
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Of the discipline in the schools and the comportment of the
students in general, no mention was made in my review of the
preceding year. This was surely a good sign, for fortunate is the
school about whose discipline there is nothing to say. But unfor-
tunately I cannot entirely keep silent about this past year; and be-
sides I am concerned that those far from the university campus
might form exaggerated ideas about the import of anomalies
which set off that year. I shall touch in a few words on how the
agitations of the extremist parties, which preceded the last general
elections, found an inopportune echo in a few students, who, mak-
ing themselves the unconscious instruments of outside agitators,
and profiting by the usual indifference of the many who neither
associated themselves with nor opposed the rumors, through vari-
ous pretexts provoked meetings and demonstrations in the halls
of the university and through the streets of the city. At one time
there was a dispute over the banner of the students, then a carni-
val trick carried out too long, then an anticlerical protest, and so
on—a superficial ferment, a passing commotion. But in the mean-
time these harm the seriousness of study, the good result on ex-
ams, and the reputation of the entire student body. They distress
the families, often enduring hardships in order to educate and in-
struct these young people. They put to the test the affection of the
rector and the professors, who would rather proudly point out the
youth committed to their care and dedicate themselves with no
other distractions to complete the education of the heart as well
as the mind. They set on fire the less studious and more rowdy
students so as to disturb the tranquility in some schools at the risk
of calling down rigorous measures on a whole course. And, what
is worse, they induce in the young the very bad habit of going off
into cries and uproars, feeding their vanity on easy triumphs with
the mobs, as if Italy were not a fact and its completion were not to
be expected from the works of those whose character is calm and

serious and capable of quiet sacrifices.
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The sentiments which I express here are not peculiar to me
and my colleagues; they are shared by the great majority of our
students, who on the solemn commemoration of Giuseppe Gari-
baldi and on other occasions have given ample proof, showing
that they understand that it is up to the majority to uphold the
decorum of the entire class. Since this is a great deal better than
what would result through the fault of a very few worthless peo-
ple and a few overexcited, who would lose nothing now by think-
ing exclusively of studying.

May they listen to the counsel of one who loves them and
precisely for that reason does not flatter them in a vulgar search

for popularity.?

In the spring of 1882 Peano made the first of a long series of dis-
coveries that influenced the development and teaching of calculus.
Genocchi was 65 years old and his health was beginning to fail. On 22
April 1882 he was forced to interrupt his lessons. (He did not return to
the classroom until 11 March 1884.) Peano took over Genocchi’s classes
and, having to explain the theory of curved surfaces, he discovered an
error in the commonly accepted definition of J. A. Serret (in his Calcul
intégral, 1st edition, 1868) of the area of a curved surface. Peano gave a
corrected definition in his lesson on 22 May. He recognized the impor-
tance of his discovery and lost no time in telling Genocchi about it. We
may imagine his surprise on learning that Genocchi was already aware
of the difficulty! In later years Peano showed little concern for priority,
but he was doubtless disappointed at a time when he was anxious to
launch a scientific career. But Genocchi had not discovered the diffi-
culty; its discoverer was H. A. Schwarz.

As early as 20 December 1880 Schwarz had written to Genocchi
of his discovery and on 8 January 1881 he wrote a brief account of
his criticism of Serret’s definition. Genocchi replied with a request that

he write this up as a note for inclusion in the Atti of the Academy of

2 Annuario dell’Universita di Torino (1882-83), 12-13.
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Sciences of Turin, but Schwarz had not done this. When Genocchi
learned of Peano’s discovery, he immediately informed Schwarz of this
(letter of 26 May 1882). Schwarz replied that he was having difficulties
writing it up. On 28 July Genocchi wrote to Schwarz: “I hope you will
want to send it to me for the opening of the new academic year, and I
urgently beg you to do so. For the subject is quite important, and I see
that there are few people who suspect the faults of the usual defini-
tions.”

Genocchi had also written of the discovery of Schwarz and Peano
to his friend Charles Hermite, who had also adopted the definition of
Serret in his lessons. Hermite wrote to Schwarz asking for a copy of his
criticism of Serret’s definition so that he might include it in the forth-
coming second edition of his course, and he wrote to Genocchi at the
same time (22 September 1882) to ask whether he should also cite
Peano. Schwarz wrote the note requested and sent one copy to Hermite
(for inclusion in the new edition of his course) and one to Genocchi for
inclusion in the Atti. Hermite hurriedly included this in the early pages
of his book and they appeared before the end of the year in lithograph,
copies of which he sent to Genocchi and Schwarz. (The complete book
was published in lithograph in the summer of 1883.) Naturally neither
Schwarz nor Genocchi was pleased with this, since Schwarz did not like
the appearance of his note in lithograph and neither he nor Genocchi
wished to submit a note to the Academy of Sciences that had, in fact,
already been published. Thus Schwarz’ note was not printed until the
second half of 1890, when it appeared in the second volume of his Ge-
sammelte mathematische Abhandlungen. By that time Peano had pub-
lished a note in the Rendiconti of the Lincei Academy (19 January 1890)
[23], explaining his definition of the area of a curved surface using the
notion of a bivector. (Peano notes there that the discovery of Schwarz
was published in Hermite’s book after the publication of Peano’s lecture

notes. He fails to mention the time sequence of the discovery!) Thus

3 Cassina 1961b, 365.
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Peano has priority of publication, both in lithograph and in print, but
there is no doubt that Schwarz made the discovery first.

Schwarz must have written to Peano immediately about this, for
in a letter of 27 April 1890 Peano wrote him: “Several days ago (the
12th of this month) I sent you a long letter in reply to your note on the
erroneous definition of Mr. Serret.” (The 12 April letter has apparently
been lost.)

Peano had moved this year to No. 12, Via Milano, perhaps a
twenty-minute walk from his classroom, but by the fall of 1882 he
again had a room on Via Po, this time at No. 28, on the 4th floor. Tan-
credi Zeni is now D’Ovidio’s assistant and Novarese is assistant for ra-
tional mechanics. (Zeni, one of six graduates that year in mathematics,
was the only one to graduate ‘with honors.”)

Although Peano’s schedule is listed in the university yearbook as
the same as the year before, he was actually in complete charge of the
calculus course. In fact, according to Genocchi’s records, Peano substi-
tuted for him continuously from 22 April 1882 (Genocchi’s last lecture)
to 11 March 1884 (Genocchi’s first lecture). Genocchi’s long absence is
explained by an accident that occurred while he was on holiday in Ri-
voli in September 1882. Because of his near blindness, he fell against a
roadside guard post and broke a kneecap. As a result he had to remain
immobilized for several months. After that he went out seldom, and did
not return to the classroom for another year. He was 65 at the time of
the accident.

In the spring of 1883, F. Siacci presented papers of Peano to the
Academy of Sciences of Turin, at the sessions of 1 April and 20 May.
The first of these [5] is his first publication in analysis. It contains, im-
plicitly, his notion of integral, given explicitly in the Calcolo Differen-
ziale of 1884. In it he introduces the concept of area (internal, external,
and proper), using the notions of upper and lower bounds. This concept
is analogous to those of length and volume which are explicitly defined

in the Applicazioni Geometriche of 1887. The second note [6] deals with

4 Akademie der Wissenschaften der DDR (Berlin).
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interpolating functions of a complex variable, and shows that certain
of these may be expressed using an integral taken along a closed curve.

At the end of the academic year there were six graduates in
mathematics, including Gino Loria (with high honors) and Corrado
Segre (with highest honors). Segre, like Peano, spent his entire aca-
demic career at the University of Turin, first as assistant to D’Ovidio
and G. Bruno, and then, from 1888, as professor of higher geometry.
Loria remained for three years as assistant to D’Ovidio, then transferred
to the University of Genoa, where he became professor of algebra and
analytic geometry.

By the fall of 1883 Peano had moved once more, to Via Po, No. 40.
There is also a change in the calculus schedule. Instead of four hours of
lectures and two of exercises, there are now three hours of each. As
Peano was in charge of both, this probably made very little actual dif-
ference. In the meantime, however, an affair was developing that, al-
though it led to a temporary break in the good relations between Ge-
nocchi and Peano, resulted in Peano’s first major publication [8]. This
book is something of a curiosity in the history of mathematics, since the
title page gives the author as Genocchi, not Peano. The title is Calcolo
differenziale e principii di calcolo integrale and the title page states that it
is “published with additions by Dr. Giuseppe Peano.” An explanation of
the origin of this book is given in a letter that Peano wrote Genocchi on
7 June 1883:

Esteemed professor,

A few days ago I was at Bocca book-publishers and the direc-
tor, who is named Lerda, I believe, showed a great desire to pub-
lish part of a calculus text during the summer vacation, either
written by you or according to your method of teaching: there is
no need for me to add how useful such a work would be.

Would you please be so kind as to let me know whether it
would be possible to firm up this matter in some way, i.e., if you
do not wish to publish the text yourself, perhaps you might think

it possible for me to write it, following your lessons, and if I did
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that, would you be willing to examine my manuscript before pub-
lication, or at any rate give me your valued suggestions and look
over the proofs of the fascicles as they come off the press; or in-
deed, in the case that you do not wish to publish this yourself, it
might not displease you if I went ahead and published the text,
saying that it was compiled according to your lessons, or at least
citing your name in the preface, because a great part of the treat-
ment of the material would be yours, seeing that I learned it from
you.
Please allow me, learned professor, to make a point of saying
that I will do my best to see that all comes out well, and believe me
your most devoted student

G. Peano.’

Genocchi’s reception of this letter is expressed in a letter sent to

his friend Judge Pietro Agnelli, of Piacenza, on 16 August 1883:

I could make a complete course in infinitesimal calculus,
which I have lectured on for several years, but I do not have the
strength to put everything in writing. It would bore me too much,
to use our friend Marchese Mischi’s usual expression, and seeing
that Dr. Peano, my assistant and substitute, and also my former
student, is willing to take on himself this trouble, I thought it best

not to oppose it, and let him handle it as best he can.®

After Genocchi’s death (7 March 1889), Peano wrote a necrology
for the university yearbook [21] and in it he gives his own version of

the origins of this book:

He was many times urged to publish his calculus course, but

he never did. Perhaps in the beginning this was because he had

5 Cassina 1961b, 384-385.
6 Cassina 1961b, 385.
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not yet reached the perfection he aimed at, and then in later years
because he lacked the strength. It was only in '83 that he agreed
to let the firm of Fratelli Bocca publish his lessons with my help,
and this appeared in part the following year. He was ill at the
time and wished to remain completely apart from the work. I used
notes made by students at his lessons, comparing them point by
point with all the principal calculus texts, as well as with original
memoirs, thus taking into account the work of many. As a conse-
quence, I made many additions and some changes in his lessons.
Now, although these additions are for the most part distinguished
either by my name or by being printed in smaller type, there are
some, of less importance, which are not distinguished in any way.
The result is that my publication does not exactly represent the
professor’s lessons. Nevertheless, as a text, it has received the ap-

proval of many scientists.”

Fratelli Bocca announced publication for October 1883 of the first
volume of Genocchi’s ‘Course in Infinitesimal Calculus,’ edited by Peano.
When the publication did not appear on time, Felice Casorati, professor
of infinitesimal analysis at the University of Pavia, wrote to Peano on 6

November asking about it. Peano replied in a postcard of 13 November:

Mlustrious professor,

The calculus text that you ask about is now being printed.
About 100 pages have already been printed, and some of these
were placed at the disposal of the students, so that they could use
them for the current year. The complete first volume can hardly
appear before the first of February, and at that time I will send
you a copy without fail. If instead, you would prefer to have the
fascicles as they come off the press, you have only to let me know.

Your devoted servant,

G. Peano.?

7 Peano, Opere Scelte 3: 319-320.
8 Gabba 1957, 877.
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Casorati replied on 2 December, declining Peano’s offer, but
thanking him for the information and saying that he wanted to know
when the complete book would be ready so that he could recommend it
to his students.

The same day that Peano wrote Casorati, Placido Tardy, professor

at the University of Genoa, wrote Genocchi:

I had heard about the calculus course that Peano, following
your lessons, proposed to publish, and I supposed that it would be
revised by you. Now I hear that you do not wish to occupy your-
self with it, but I am convinced that he will have your advice, and

I hope to see the work as soon as it is published.’

Despite the optimism of Fratelli Bocca and Peano, the complete
work did not appear until the fall. (The preface is dated: Torino, 1 Sep-
tember 1884.) Shortly thereafter disclaimers were sent to mathematical
journals in Italy, France, and Belgium, and published over the signature

of Genocchi. The Italian journal printed:

Recently the publishing firm of Fratelli Bocca published a
volume entitled: Differential Calculus and Fundamentals of Integral
Calculus. At the top of the title page is placed my name, and in the
Preface it is stated that besides the course given by me at the Uni-
versity of Turin the volume contains important additions, some
modifications, and various annotations, which are placed first. So
that nothing will be attributed to me which is not mine, I must
declare that I have had no part in the compilation of the afore-
mentioned book and that everything is due to that outstanding
young man Dr. Giuseppe Peano, whose name is signed to the

Preface and Annotations.!°

9 Cassina 1961b, 386.
10 Cassina 1961b, 376-377.
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The French journal said only: “I have had nothing to do with the
preparation or publication of the work entitled: Differential Calculus and
Fundamentals of Integral Calculus, published in Turin by the firm of Fra-
telli Bocca. This work is due exclusively to Dr. Peano.” Paul Mansion,
professor at the University of Ghent and editor of Mathesis, wrote Ge-
nocchi on 17 October and promised to insert Genocchi’s disclaimer in
the next issue of Mathesis. He also expressed curiosity about the book
and asked Genocchi to lend him a copy for a week. Apparently Genoc-

chi sent a copy to him, for Mansion wrote again on 28 October:

Sir and dear colleague,

I have received the Differential Calculus published by Peano.
It will be useful to me for several parts of my Course, which is just
now going to press. Since you have had to protest, I suppose that
there are many things in it which were lifted from your lectures
and that the book’s merit, which is real, comes in great part from
you. The November number of Mathesis will contain your letter.

Thanking you for your gift, I beg you to believe me, your

devoted

P. Mansion.!!

It is easy to imagine that, reading one of these disclaimers, many
people thought that Peano was using the name of Genocchi just to get
his own research published, or at least was guilty of bad faith in deal-
ing with his former teacher. Indeed, Charles Hermite, who had written
to Genocchi on 6 October, 1884, congratulating him on its publication,
wrote again on 31 October to commiserate with Genocchi on having
such an indiscreet and unfaithful assistant. Genocchi complained to his
friend Placido Tardy, who wrote to Genocchi on 8 November, 1884:
“After your letter, I sent a visiting card as a thank-you note to Peano. I
am surprised by what you tell me about the manner in which he has

conducted himself toward you, in publishing your lessons.” But it seems

11 Cassina 1961b, 390.
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that Genocchi, who had a reputation for being quick-tempered, soon
recovered and three weeks later Tardy could write: “I, too, am per-
suaded that Peano never suspected that he might be lacking in regard
toward you.”?

In what way did Genocchi think Peano was “lacking in regard”?
Ugo Cassina believed this was because of the words ‘important addi-
tions,” written by Peano in the preface, and repeated by Genocchi in his
disclaimer. He said: “In fact, we cannot deny that there is a certain
youthful boldness in declaring ‘important’ the additions made to the
lessons of the master, which in consequence lose somewhat in value.”*3
Cassina, who inspected Genocchi’s unpublished manuscripts, also sug-
gests that Genocchi may have been displeased also because of the
“profound and essential difference between the text and his actual
lessons.”**

Indeed, the additions were important, and the book has been
much praised. Of the many notable things in this book, Alfred Prings-
heim, in an article in the Encyklopddie der mathematischen Wissen-
schaften, cites: theorems and remarks on limits of indeterminate forms,
pointing out errors in the better texts then in use; a generalization of
the mean-value theorem for derivatives; a theorem on uniform continu-
ity of functions of several variables; theorems on the existence and dif-
ferentiability of implicit functions; an example of a function whose sec-
ond partial derivatives do not commute; certain conditions for express-
ing a function of several variables with a Taylor’s formula; a counter-
example to the current theory of minima; and rules for integrating ra-
tional functions when roots of the denominator are not known. As a
curiosity may also be mentioned the function which for rational x
equals 0, and for irrational x equals 1. P. G. L. Dirichlet had already

considered this function in 1829, but Peano was the first to give an

12 Cassina 1961b, 387.
13 Cassina 1961b, 380.
14 Cassina 1961b, 382.
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analytic expression for it, something that Gottlob Frege still believed in
1891 to be impossible.'®

Peano also included a new definition of the definite integral, using
least upper bounds and greatest lower bounds of certain sums. He tells
us that these l.u.b. and g.L.b. were already introduced by V. Volterra
and that he (Peano) had shown in 1883 [5] that if they are equal, then
their common value is the Riemann integral, in the usual definition of a
limit of Riemann sums. F. A. Medvedeyv, in discussing the development
of the integral, says of this definition: “Peano took the last step in this
[order of] thought by freeing the definition of the integral from the
concept of limit.”*® The book was translated into German by G. Bohl-
mann and A. Schepp in 1899, and there were two translations into Rus-
sian: one by N. S. Sineokov in 1903 and another by K. A. Posse in 1922.

Peano had discovered one of his strong points: the ability to un-
cover flaws in the teaching of calculus, to single out the difficulties in
theorems and definitions (and to manufacture counter-examples simple
enough to be understood and convincing), and to make theorems rigor-
ous while simplifying their statements. The calculus text demonstrated
all this, but in the meantime he sought to reach a more international,
French-reading audience. He wrote a letter to the editor of the Nouvelles
Annales de Mathématiques (published in the January 1884 issue) [7]
criticizing the proof of an intermediate-value theorem for derivatives as
given in Jordan’s Cours d’Analyse de I’Ecole Polytechnic and Houél’s
Cours de Calcul infinitesimal, and he remarks that the mean-value for-
mula: f(x, + h) - f(x,) = hf’(x, + 6h), can be proved very easily with-
out assuming the continuity of the derivative.

Before publishing this, the editor had sent a copy to Jordan, and
Peano’s published letter was followed by a brief extract from Jordan’s
reply, which begins: “I have no reply to the criticism of Dr. Peano,
which is perfectly correct,” and closes: “Mr. Peano says that it is easy to
prove the formula f(x + h) — f(x) = hf’(x + 6h), without assuming the

15 Frege 1891, 23.
16 Medvedev 1974, 214.
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continuity of the derivative. I would be pleased to receive his proof, for
I know of none which appears completely satisfactory to me.”"”

Philip Gilbert, professor at the University of Louvain, came to
Jordan’s defense in a letter attempting to justify Jordan’s proof of the
intermediate-value theorem. With regard to Peano’s remark that the
mean-value formula can be proved without assuming continuity of the
derivative, he says, “Mr. Jordan asks, non sans malice, to see this proof,
which is impossible, since the theorem is inexact,” and he gives a
counter-example. In his published reply, Peano points out the error in
Gilbert’s attempted justification. He also points out that a theorem Gil-
bert used can be proved in a certain way, adding, with a touch of hu-
mor: “And I say this sans malice, for this way exists, but I shall leave the
trouble of finding it to Mr. Gilbert.”'® He then demolishes Gilbert’s
statement about the mean-value formula by furnishing a proof of his
assertion, due to Ossian Bonnet, which he learned from Genocchi while
a student, and he gives references to where correct proofs can be found
in Italian and German texts of 1878, 1881, and 1882. (He sent a copy
of the last proof, by Pasch, to Jordan.)

Gilbert had the last word, in the issue of October 1884. There has
been a misunderstanding of terms, partly on the side of Peano, and
partly on his side, but he does furnish the proof requested by Peano,
saying (sans malice?): “I have no need of the proposition in question,
and that is why I have given little effort to perfecting the proof given
below; but, since the theorem has interest in itself, I hope that Mr. Peano
will want to publish his proof, which will without doubt be better.”®

In December 1884, Peano received the libera docenza, an event
noted in his annual report in the university yearbook for 1884-85 by
D’Ovidio, who had been rector of the university since 1880. This title

meant that Peano was judged as qualified to be a university professor.

17 Nouvelles annales de mathématiques (3) 3 (1884): 47.
18 Peano, Opere Scelte 1: 44.
19 Nouvelles annales de mathématiques (3) 3 (1884): 478.
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By the fall of 1884 Peano had moved to Via Artisti, No. 31, still only a
short walk from the university.

While Peano’s career seemed to be advancing smoothly, the uni-
versity was going through one of its many periods of student unrest.
The evening of 11 March 1885 the police arrested several students who
were present at a demonstration protesting the occupation of Massawa
(Eritrea) the month before. In the following days large numbers of their
fellow students demanded their release. When this was not done, riot-
ing broke out, both inside and outside the university. When the efforts
of the rector and several professors to quiet the students had little ef-
fect, the Academic Council, with the approval of the government, de-
cided to close the university on 15 March. It did not reopen until 15
April, a month later. Although the rector could report that fall that the
conduct of the students had since been “worthy of all praise,” the uni-
versity regulations were modified as a result of a report to the king,

that said in part:

We did not believe that university associations could be tol-
erated much longer, that were formed for political ends. These
could not help but distract the students from their more immedi-
ate task, namely study, and disturb the peacefulness of our schools
by bringing in passion, impatience, and commotion, all foreign to

science.?’

In the fall of 1885, while continuing to teach calculus, Peano also
substituted for Genocchi in a course titled ‘Geometrical applications of
infinitesimal calculus.” (Two years later he would publish a text with
this title [11].) This course met three times a week. In addition, he
taught, as libero docente, a course in ‘Infinitesimal geometry, treated
synthetically,” which met two times a week. He had now moved to
rooms on the fourth floor of No. 25, Piazza Castello. This was his fifth

move in six years, but he stayed at this address for four years.

20 Annuario dell’Universita di Torino (1885-86), 320.
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In the spring of 1886 a note of Peano’s was presented to the Acad-
emy of Sciences [9] in which he proved, for the first time, that the dif-
ferential equation y’ = f(x,y) has a solution, on the sole assumption
that f is continuous. The proof is elementary, if not entirely rigorous.*!
(He gave a more rigorous proof of a generalization of this theorem in
1890 [27].) This theorem is typical of Peano’s constant search for sim-
plification. In a sense, it is the basic theorem of differential equations.

It is clear that f must satisfy some condition if the existence of
a solution of ¥y’ = f(xy) is to be guaranteed. Early in the century
Cauchy had shown that a unique solution exists if both f and its partial
derivative with respect to x and y are continuous. Improvements on this
theorem were made by C. Briot and J. Bouquet in 1856, and especially
by R. Lipschitz in 1868. In a footnote to his article, Peano mentions
these and others, closing with: “Mr. Vito Volterra (Giornale di Mate-
matiche, Vol. 19) generalized their results, still leaving in doubt the
truth of the theorem, supposing only the continuity of f (x,y). In the
present note we have also the answer to this question.”??

In the fall of 1886, Giorgio Anselmi, now rector of the university,
could report: “I cannot fail to be happy over the fact that no disorders
disturbed the tranquility of study in our University during the academic
year 1885-86 just past. In fact, the conduct of the students throughout
the whole year was worthy of all praise.”*

On 21 October 1886 Peano was appointed professor at the Royal
Military Academy, adding the teaching of calculus there to his already
heavy schedule at the university (a repeat of the previous year). Uni-
versity professors often taught at the Military Academy, whose build-
ings were just across Via della Zecca (now Via Verdi) from the univer-
sity. Peano would continue at the Military Academy for fifteen years.

By the spring of 1887 Peano had discovered the method of succes-

sive approximations for solving systems of linear differential equations.

21 See Kennedy 1969a. My conclusion has been disputed.
22 Peano, Opere Scelte 1: 81.
23 Annuario dell’Universita di Torino (1886-87), 14.
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This was presented to the Academy of Sciences on 20 February [10]. (A
modified version of this note, in French, was published the following
year in the Mathematische Annalen [12].) He always believed that he
was the first to discover this method, and he tried several times to vin-
dicate his priority over Emile Picard, who, Peano believed, began using
it in 1891. In fact, Picard had already given an example of successive
approximations in 1888 and at that time gave credit for the method to
H. A. Schwarz.

This year also saw the publication by Fratelli Bocca of the text
Applicazioni geometriche del calcolo infinitesimale [11], based on Peano’s
course at the university. He used the occasion to explain, in the preface,
the circumstances of the publication of the Calcolo differenziale of 1884.
He then quoted Genocchi’s disclaimer and added: “Hence, though I made
extensive use of the lessons of the illustrious professor, I assume the
entire responsibility for what is written in that book, just as if no other
name but mine appeared on the title page.” He then thanks his friend
Gino Loria “for the care he took in the correction of this book” (p. ix).

Of the many interesting things in this book, particular mention
may be made of Peano’s notion of the measure of a point set. Cantor
had already considered this problem, but his definition of ‘measure’
was such that the measure of the union of two disjoint sets could be
less than the sum of the measures of the two sets. Peano overcame this
difficulty by defining, besides the Cantorian measure m(A) of a point
set A contained, say, in an interval I, its ‘interior measure’ m(I) — m(I — A).
He then called A measurable in case these two numbers coincide. This
definition was also given the same year, and independently, by C. Jor-
dan. Many familiar point sets, however, were not measurable by this
definition, such as the rational numbers contained in a closed interval.
Such sets also became measurable when H. Lebesgue, in 1902, allowed
the consideration of a countably infinite collection of sets, in place of
the finite collection of sets used in Peano’s definition. Peano’s continu-
ing interest in quadrature formulas also shows up here in the new
formulas for the remainder terms in the trapezoidal formula and Simp-

son’s formula.
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Peano’s friend Giulio Vivanti reviewed the book for the Jahrbuch

iiber die Fortschritte der Mathematik and said, in part:

This work, which, to be sure, does not go beyond the ele-
ments of infinitesimal geometry, is of value for its originality of
methods and its careful, exact exposition. The constant applica-
tion of the segment-theory of Mobius-Grassmann, which brings
with it a conciseness and elegance that can scarcely be found in
quaternion theory, the exact foundation of the concept of limit in
geometry, and finally the introduction of point sets and functions
of these sets, by which infinitesimal geometry is brought to the
same measure of rigor and generality that the infinitesimal calcu-

lus recently attained—all these characterize this unique book.?*

The functions of sets, mentioned by Vivanti, took up an earlier
idea of Cauchy, which Peano extended to include the differentiation
and integration of one function of a set by another. But this aspect of
the work was largely ignored and by the time he returned to it in 1915
[175], it had been duplicated by H. Lebesgue, W. H. Young, and others.
Peano’s pioneering efforts went unrecognized for a long time, but ac-

cording to F. A. Medvedev:

The highest achievement of mathematicians of the 19th cen-
tury in the working out of the theory of functions of sets is the
fifth chapter of Peano’s book. . . . Today it may be possible to find
fault with regard to this or that method of reasoning applied by
Peano, but at the same time, for the generality and depth of its
various ideas, this chapter of Peano’s book is more remarkable
than Lebesgue’s memoir of 1910, which is generally considered as
the source from which grew the boundless river of modern re-

search in the theory of functions of sets.?

24 Jahrbuch iiber die Fortschritte der Mathematik 19 (1887): 248.
2> Medvedev 1975, 67-68.



CHAPTER 4

MAKING A CAREER

There seems little doubt that Peano had for some time aspired to
the chair of infinitesimal calculus—and with reason. He had already
proved to himself and his students that he was a capable teacher. In the
seven years since his graduation he had published several articles and
two quite remarkable books. He was libero docente and assistente at the
university; indeed, in actuality he had taken over Genocchi’s course.
And he was a professor at the Military Academy. No doubt he felt his
academic career reasonably secure.

On Thursday, 21 July 1887, Peano married Carola Crosio, the
youngest of the four daughters of Luigi Crosio, a genre painter who
specialized in Pompeiian and 17th century scenes. Carola and her sis-
ters (Camilla, Aneta, and Bianca) all served as models for their father,
who made pictures for lithographic reproduction by publishing firms in
Milan, London, Zurich, and elsewhere. His paintings figured in several
exhibitions of the Society for the Promotion of Fine Arts, which was
founded in Turin in 1842. One of his oil paintings, “The Curate’s Bible,”
was owned by the Civic Museum of Turin and one of his paintings hung
in the Church of San Giorgio, in the town of Chieri (Province of Turin).
His portrait of the Virgin “Refuge of Sinners,” painted in the last decade
of the 19th century, was also lithographed and has been widely distrib-
uted. Crosio was born in Alba in 1835 and died in Turin in 1915.%

After a brief honeymoon trip to Genoa, Livorno, and Florence, the
couple returned to Turin on 28 July. They lived at Peano’s Piazza Ca-
stello address (No. 25) for two years, moving to Corso Valentino (No. 1,
3rd floor) in 1889.

On 10 October 1887 Peano wrote Felix Klein, saying that he had

received a letter from Klein much earlier, but using his marriage as an

26 See Comanducci 1934.
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excuse for not writing earlier. Peano wrote: “I would be glad to send
the articles for publication in the Mathematische Annalen, making the
additions that you suggest.””” Presumably, the reference is to the arti-
cle, in French, treating the solution of differential equations by the
method of successive approximations that was published in 1888 in the
Mathematische Annalen [12]. This article is a modified version of a simi-
lar publication in Italian in 1887 [10].

Peano’s schedule for the academic year 1887-1888 was the same
as before, except that he has now dropped the course in infinitesimal
geometry. Anselmi, rector of the university, is once again happy to re-
port no student disturbances during the previous year.

Peano’s father died during the course of this academic year, on 6
February 1888.

In 1888, besides the modified French version of his note on suc-
cessive approximations [12], Peano published a brief note on a geomet-
rical definition of elliptic functions [13], which also had a Portuguese
translation by F. Gomes Teixeira, and then the Calcolo geometrico, secon-
do U’Ausdehnungslehre di H. Grassmann, preceduto dalle operazioni della
logica deduttiva (Geometrical calculus, according to the Ausdehnungs-
lehre of H. Grassmann, preceded by the operations of deductive logic)
[14]. The preface (dated 1 February 1888) begins:

The geometrical calculus, in general, consists of a system of
operations to be carried out on geometrical entities, analogous to
those of algebra for numbers. It permits the expression by formu-
las of results of geometrical constructions, the representation by
equations of geometrical propositions, and the substitutions of the
transformation of equations for proofs. The geometrical calculus
presents an analogy with analytic geometry; it differs from it in
this, that while in analytic geometry calculations are made on the
numbers that determine the geometrical entities, in this new sci-

ence the calculations are made on those very entities. (p. v)

%7 See Segre 1997, 117.
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The (unnumbered) chapter on the ‘operations of deductive logic’
that opens the book is Peano’s first publication in mathematical logic. It
is based on his study of E. Schroder, G. Boole, C. S. Peirce, and others.
Although he says that “several of the notations introduced here are
used in the geometrical calculus,” this part of the book actually has
very little connection with what follows. His interest seems to be
prompted by the analogy with the operations of algebra and geometri-
cal calculus that is presented by the operations of mathematical logic.
He says: “Deductive logic, which belongs to the mathematical sciences,
has made little progress up to now. . . . The few questions treated in
this introduction constitute an organic whole, that can serve in many
kinds of research.” But what kind of research does he have in mind for
mathematical logic? He gives two examples of “interesting” problems,
one he has already solved: Given n classes, how many propositions may
be stated using the logical symbols introduced in this book? He gives a
general formula, for which, e.g., if n = 2, the number is 32,766. An
open question is: Given a relation between two variable entities, what
are the classes and propositions that can be stated by using that relation
and logical symbols?

In the preliminary chapter on logic, Peano develops first a calcu-
lus of classes and he uses the symbols U and N in their modern sense
of union and intersection. (The latter sign is often omitted—as in the
following examples.) All the entities of a system is designated by @ and
the empty set by O. Thus AB = O is the statement that the intersection
of A and B is empty, or in Peano’s words, “no A is a B”. The comple-
ment of A in the system is designated by A. Thus BA = O is equivalent
to “every B is an A”, and for convenience Peano also introduces the
symbolism B < A to express this.

He next develops a parallel calculus of propositions using some of
the same symbols. Here O means ‘absurd’ and @ means ‘identical.” Ne-
gation of the proposition a is, however, expressed by —a. Conjunction
and alternation are expressed by N and U, and a < f is read ‘if a is
true, then f is true.” No attempt is made to expound this axiomatically

nor are there any proofs of the various formulas. Peano seems primarily
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concerned with showing that the propositions of logic can be treated in
an algebraic fashion.

This publication gives only a hint of Peano’s future development
of mathematical logic. It should be seen as an attempt to synthesize the
work of others. But his own systematic development of logic will begin
almost immediately, with the introduction of new symbols (several
used here are abandoned) and new concepts. Noteworthy here, how-
ever, is his recognition of a certain equivalence between the calculus of
classes and the calculus of propositions.

The main part of the book, the geometrical calculus, is, by con-
trast, a polished work. It was already preceded by his Applicazioni geo-
metriche, which used the notions of Mobius, Bellavitis, Hamilton, and
Grassmann. He then decided that the methods of Grassmann were supe-
rior, this book resulting from his reworking of Grassmann’s Ausdehnungs-
lehre. Peano made no claim to originality for the ideas contained in it,
but there can be no doubt that the extreme clarity of his presentation,
in contrast with the notorious difficulty of reading Grassmann’s work,
helped to spread Grassmann’s ideas and make them more popular.

Chapter 1 begins with definitions of ‘lines, surfaces, and volumes.’
The symbol AB is used for the line bounded by the two points A and B,
and is thought of as described by a point P moving from A to B. (Thus
AB is distinct from BA.) The measure of AB is gr AB (gr for grandezza).
The surface ABC is the triangle described by the line AP as P moves
along BC from B to C. The tetrahedron described by the surface ABP as
P moves long the line CD from C to D is the volume ABCD. Peano also
denotes lines by lower case Latin letters, surfaces by lower case Greek
letters, and volumes by upper case Greek letters. Thus, if a denotes AB,
a denotes ABC, and A denotes ABCD, then the following are equivalent:
A, aD, aCD, ABCD.

Letting Q be an arbitrary, but fixed, volume and defining A/Q to
be the ratio of their measures, taken with + if they have the same di-
rection and - if they have opposite direction, Peano is able to compare

various geometrical entities, e. g., A = B if A/Q = B/Q, and establish
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an arithmetic in which sums of entities of one kind can even be ‘multi-
plied’ by sums of entities of another kind.

Peano’s work was indeed readable, but it sparked the interest of
only a few Italians, e.g., Burali-Forti and R. Marcolongo, whose long
collaboration contributed much to the development of vector analysis
in Italy. Peano, himself, stayed within the Grassmannian tradition and
his writings contributed little further to the form of the emerging vector
analysis. There can be no doubt, however, that his personal encourage-
ment of younger mathematicians played an important role, and his
interest in this topic continued. In the Rivista di Matematica of 1895 he
announced the formation of the International Association for Promoting
the Study of Quaternions and Allied Systems of Mathematics,?® and in
1901 he was National Secretary for Italy.?

Today, in the second half of the 20th century, it is difficult to
imagine the opposition to the introduction of vectorial methods. In fact,
Burali-Forti was denied the libera docenza because of his insistence on
using vectors, and this despite the efforts of Peano, a member of the
judging committee, to persuade the other members of the committee
to allow this. Despite this, Peano was certainly repaid in the coin re-
quested in the preface of his book, where he wrote: “I shall be repaid
for my labor in writing this book (and this is the only payment I expect)
if it serves to spread among mathematicians some of the ideas of
Grassmann” (p. vii). (Or was he complaining about his royalty ar-

rangement with the publisher?)

2 R.d.M. 5: 168-169. Quaternions enjoyed a vogue on both sides of the Atlantic
in the late 19th century, especially in English-speaking countries, but the theory
was out of favor by the early 20th century, when the use of quaternions was
displaced by the development of vector theory. Quaternion theory was intro-
duced to America by Benjamin Peirce of Harvard University, whose son James
Mills Peirce, mathematics professor and first dean of the Graduate School at
Harvard University, was the last champion of quaternions there. See Kennedy
1979 and 1983b.

P R.dM. 7: 84.
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Although it seems to have aroused no attention at the time, one of
the most remarkable features of this book historically is that here, for
the first time, axioms are presented for a vector space. This is given at
the beginning of Chapter 9 and is worth quoting to show the clarity of

Peano’s ideas:

There exist systems of entities for which the following defini-

tions are given:

1. An equivalence of two entities a and b of the system is de-
fined, i.e., a proposition, designated by a = b, is defined that ex-
presses a condition between two entities of the system, satisfied
by certain pairs of the system and not by others, that satisfies the

logical equations:

(a@a=b)=(M=a), @a=b)N(b=c)<(a=oc.

2. A sum of two entities a and b is defined, that is, there is
defined an entity designated by a + b, that also pertains to the

given system and that satisfies the conditions:

(a=b)<(@a+c=b+c)y,a+b=>b+a,
a+Mb+c)=(@+Db)+ec

and the common value of the two members of the last equivalence

is designated by:

a+b+ec

3. Letting a be an entity of the system and m a positive
whole number, by the expression ma we shall mean the sum of m
entities equal to a. It is easy to see that, if a, b, . . . are entities of

the system and m, n, . . . are positive whole numbers, then:
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(a = b) < (ma = mb), m(a + b) = ma + mb,

(m + n)a = ma + na, m(na) = (mn)a, la = a.

We shall assume that a meaning is given to the expression
ma, whatever the real number m, so that the preceding equations
are still satisfied. The entity ma is called the product of the (real)

number m by the entity a.

4. Finally, we assume that there exists an entity of the sys-
tem, that we shall designate by 0, such that, whatever the entity
a, the product of the number O by the entity a is always the entity

0, or

O0a = 0.

If the meaning a + (-1)b is given to the expression a — b,
then it follows that:

a-a=0,a+0=a.

Def. Systems of entities for which the definitions (1)-(4) are
given, so as to satisfy the conditions imposed, are said to be linear sys-

tems.%°

Peano then gives several examples of these ‘linear systems’ (vector
spaces) of various finite dimensions, mentioning the possibility of an
infinite dimensional vector space. In the ‘Applications’ at the end of the
chapter he gives as an example of an infinite-dimensional vector space
the set of algebraic entire functions of all degrees.

The basic ideas of this book were restated in a more succinct form
six years later, in a paper presented to the Academy of Sciences of Tu-
rin [90].

30 Peano [14], 141-142.
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The Circolo Matematico of Palermo published two observations of
Peano [14.1] concerning a note of F. Giudice that was presented at the
sessions of 4 and 18 December of the previous year. In the first (dated
13 May 1888) Peano mentions Cauchy and gives a reference to his own
Calcolo differenziale of 1884. Giudice’s reply follows, with several refer-
ences to a work by Dini, adding somewhat testily: “He [Peano] could
recognize then, that it was not at all necessary to remind me of his pre-
cious Calcolo: citing Cauchy, he could very well think it superfluous to
cite anyone later.”! His reply to the second observation closes with the
remark, “at most one could draw attention to that in order to be exu-
berantly clear.”*?

The matter of the argument is not very important in this case, but
it illustrates Peano’s concern for rigor, and the reaction such people
always receive: “Do I have to state everything?” Peano was right, of
course. Giudice’s reply was especially unfortunate in that he quoted
several sentences from Dini’s work out of context, something that
Peano would not pass up.

A second comment of Peano was published with the date 14 Oc-
tober 1888, with the remark: “Seeing that the quotations contained in
his reply could be misleading, I think it advantageous to point out the
infidelity of some of them.”®® The word “infidelity” hit the mark.
Giudice replies that it is obvious that his omission was accidental, add-
ing: “Nevertheless I thank the professor for pointing out the omission;
but I reject the imputation of infidelity. Dini’s book is too precious for
anyone to want to touch it. He is not unfaithful, who gives precise di-
rections to the original.”®* (This exchange did not prevent a friendship
between the two, and in fact Giudice became a firm adherent of the

‘school’ of Peano.)

31 Rend. Circ. Mat. Palermo 2 (1888): 95.
32 Rend. Circ. Mat. Palermo 2 (1888): 95.
33 Peano, [14.1], 187.

34 Rend. Circ. Mat. Palermo 2 (1888): 188.
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This same issue of the Rendiconti del Circolo Matematico contains a
brief note of Peano, stating several geometrical theorems that can be
proved using the methods of the geometrical calculus [15].

In 1888 Giovanni Vailati, called ‘the Philosopher’ by his class-
mates, graduated in mathematics. (He had already received an engi-
neering degree in 1884.) He returned to his home in Lode, but visited
Turin many times. In 1892 he returned to Turin as assistant to Peano
for the calculus course at the university. In the meantime he became
Peano’s good friend and collaborator. In the fall, Mario Pieri, who had
previously received an appointment at the Military Academy, became
university assistant in projective geometry and Peano’s good friend and
collaborator.

The beginning of the academic year was marked throughout Italy

by student disturbances. Anselmi reported:

The disturbances which occurred at the beginning of the cur-
rent year in almost all the other universities of the Kingdom, occa-
sioned by the monument to Giordano Bruno, to protest against the
intrigues of the clerical party, also had an echo in our university,
and we had a few disorders which, however, were of short dura-

tion and of no grave consequence.®

The statue of Giordano Bruno, by Ettore Ferrari, was inaugurated
in June of the following year in the Campo dei Fiori in Rome.

Early in 1889 Peano published the remarkable pamphlet (of 36
pages) Arithmetices principia, nova methodo exposita (The Principles of
Arithmetic, Presented by a New Method) [16], which contains his first
statement of the now famous postulates for the natural numbers. Dede-
kind had finished writing on 5 October 1887 and published in 1888 his
Was sind und was sollen die Zahlen?, which essentially contains Peano’s
analysis, but Peano did not see Dedekind’s booklet until his own was

going to press. Arithmetices principia is at once a landmark in the history

35 Annuario dell’Universita di Torino (1888-89), 22.
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of mathematical logic and of the foundations of mathematics. It is also
something of a mystery. Why was it written in Latin? What is the sig-
nificance of the title? The odd word in the title is arithmetices, which is
not really Latin, but Greek. (The more truly Latin form would be the
genitive noun arithmeticae or the adjective arithmetica.) Why did Peano
choose this form—as a tribute to Euclid? Was the use of the word prin-
cipia meant as a tribute to Newton? Peano was certainly aware of doing
something historic.

But why Latin? If he had wanted to reach an international audi-
ence, he should have written in French, which he had already shown he
was perfectly capable of doing. Nor does it agree with his usual practi-
cal nature. (One of his favorite sayings in later life was: “But does it
lower the price of bread?”) No, it appears to be an act of sheer roman-
ticism, perhaps the unique romantic act of his scientific career.

Following the preface, there is an introductory section on logical
notation. In it, for the first time, is found the symbol € to indicate set
membership and D to indicate inclusion. Peano carefully notes the ne-
cessity to distinguish the two. The first symbol is the initial of the
Greek ¢ot{ (is). The second is the Roman letter C rotated 180 degrees.
In making this distinction he seems to have anticipated Frege. Russell
said in Principles of Mathematics that the distinction was known to
Frege, and he gives a reference to the Begriffsschrift, but—as Peano him-
self pointed out**—this seems to have been a mistake.

The symbol D is also used for implication, when treating proposi-
tions. The letter C as initial of the Latin est consequentia (for proposi-
tions) and continet (for classes) is introduced solely to define its inverse
O (deducitur for propositions and continetur for classes). He also intro-
duces square brackets for inversion of operations. Thus [x€] is ‘the x’s
such that’, a notion already considered in his Calcolo geometrico and
symbolized there by x:. The Greek epsilon turned 180 degrees is also
introduced as a substitute for [€]. The symbol for ‘false’ or ‘nothing’ is

A, which is the capital letter V (for verum, i.e., ‘true’) rotated 180

36 See Jourdain 1912, 269.
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degrees. Peano also places variable letters as subscripts on D to indicate
universal quantification.

The Arithmetices principia proper, which occupies 20 pages, begins
with a list of four undefined terms and nine axioms. Four of these refer
to the symbol =, which is here taken as an undefined term. The other
five, referring to the three undefined terms: N, 1, a+1, are the five
universally known as Peano’s Axioms. Then, in succession, are intro-
duced: addition, subtraction, maximum, minimum, multiplication,
powers, division, some theorems from number theory, rationals, irra-
tionals, and various theorems concerning open and closed intervals of
real numbers. Altogether, a remarkable achievement.

Peano immediately set out to achieve a similar goal for geometry.
The result, which was completed in June 1889, was not as original, but
still noteworthy. But what was his goal, and how did he see his ear-
lier achievement? He says, in a note to the preface of I principii di
geometria logicamente esposti (The principles of geometry logically pre-

sented) [18], in which he refers to Arithmetices principia:

The study of the principal operations of logic is due to G.
Boole. Making use of the studies of Boole and of others, I suc-
ceeded as the first, in the booklet mentioned, to present a theory
using purely signs having a meaning determined either by defini-

tions or by their properties.”

In the preface he states his rule for research: “Use in our proposi-
tions only terms with a completely determined value,” and what was
not done in the earlier booklet: “Make precise what is meant by defini-
tion and by proof.”3®

We have in these two booklets, the modern axiomatic view, fully
expressed and put into practice. This view was popularized by Hilbert’s

later remark: “One must be able to say at all times—instead of points,

37 Peano, Opere Scelte 2: 57.
38 peano, Opere Scelte 2: 56.
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straight lines, and planes—tables, chairs, and beer mugs,”*® but already
in the 1889 geometrical pamphlet Peano was talking about “undefined”
terms. The first line of his exposition is: “The sign 1 is read point,” and

in his commentary he says:

We thus have a category of entities, called points. These en-
tities are not defined. Also, given three points, we consider a rela-
tion among them, indicated by c € ab, and this relation is likewise
undefined. The reader may understand by the sign 1 any category
whatever of entities, and by ¢ € ab any relation whatever among

three entities of that category. . . .*°

The emergence of the modern view of axioms can be found in the
brief period from 1882 to 1889, from Pasch’s Vorlesungen iiber neuere
Geometrie (on which Peano based his own development) to Peano’s
I principii di Geometria logicamente esposti, from the implied position of
Pasch’s remark: “In fact, provided the geometry is to be truly deductive,
the process of inference must be entirely independent of the figures,”*!
to the explicit stance adopted by Peano.** Pasch was concerned that his
axiom set be complete, that it furnish a basis for rigorous proofs of the
theorems. Peano also accepted as a goal an independent set of axioms.
He was, however, unable to show this for the geometrical axioms, and
it was only in 1891, after he had separated the ‘famous five’ from the
postulates dealing with the symbol = that he showed the absolute in-
dependence of his axioms for arithmetic.

In his remarks on proofs, Peano has an interesting comment on
the limitations of traditional logic. “It is known,” he says, “that scholas-
tic logic is of little use in mathematical proofs, seeing that in it the clas-

sification and rules of the syllogism are never mentioned, while on the

39 Hilbert 1932-35, 3: 403.
40 peano, Opere Scelte 2: 77.
4l pasch 1882, 98.

42 See also Kennedy 1972.
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other hand, one uses arguments that are entirely convincing, but not
reducible to the forms considered in traditional logic.”*®* The problem

he then poses is, how to recognize a valid mathematical proof:

But this question can be given an entirely satisfactory solu-
tion. In fact, reducing the propositions, as is done here, to formu-
las analogous to algebraic equations and then examining the usual
proofs, we discover that these consist in transformations of propo-
sitions and groups of propositions, having a high degree of anal-
ogy with the transformation of simultaneous algebraic equations.
These transformations, or logical identities, of which we make
constant use in our argument, can be stated and studied.

The list of the logical identities we use was made already in
my [Arithmetices principia]l; many of them were listed by Boole.
Their number is large. It would be an interesting study, and it has
not yet been made, to distinguish the fundamental identities,
which must be accepted from the beginning, from the remainder,
which are contained in the fundamental ones. This research would
lead to a study of logic, analogous to that made here of geometry,

and in the preceding booklet of arithmetic.**

Peano is here a long way from his apparent ‘combinatorial’ interest, as
expressed in the Calcolo geometrico!

This was followed by a note on Wronskians [17], in which Peano
gives examples to show that the Wronskian of several functions of a
single variable may be identically zero on some interval without the
functions being linearly dependent on that interval.

On Sunday 14 April the university began its eleven-day Easter
vacation, and Peano began a hike to Genoa. He is said to have arrived
on Tuesday, two days later. This is a distance of 109 miles by modern

highways; Peano must have been in excellent physical condition!

43 Peano, Opere Scelte 2: 80.
4 Peano, Opere Scelte 2: 81.
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Peano’s next two publications were brief notes criticizing points
in two new calculus texts. One gave the proof of a new form of the re-
mainder term in Taylor’s formula [19], presented without proof in the
Calcolo differenziale of 1884. The other called attention again to the Cal-
colo differenziale, this time with regard to a theorem on Jacobians [20].

Early on the morning of 7 March 1889, Angelo Genocchi died,
two days after his 72nd birthday. Peano was asked to write the necrol-
ogy for the university yearbook, and he used the occasion to tell the
origin of the calculus text [21]. Peano praises his former professor and
adds: “A monument worthy of him would be the collection and classifi-
cation of his works, now scattered in so many different journals or not
yet published.” This seems not to have happened and, ironically, he is
most remembered for his role in producing the calculus text that he
disowned.

Also in this yearbook, the rector, Andrea Naccari, found worthy of
mention that Ida Terracini (no relation to the later professor Alessandro
Terracini) was enrolled in the first year of the regular course in pure
mathematics. She graduated in 1892, probably the first woman gradu-
ate in mathematics at the University of Turin.

With the death of Genocchi, the way was now open for Peano’s
aspirations to the chair of calculus. He is listed in the yearbook as in-
caricato in (i.e., charged with) infinitesimal calculus, and a footnote
explains: “Until the professorship is awarded.”® A commission was
named to find a successor to Genocchi, and Peano duly presented his
credentials in September. He was already in correspondence with Felice
Casorati in Pavia and, believing him to be a member of the commission,

he wrote on 26 October expressing his concern:

Mlustrious professor,
At first I received the announcement that the commission for
the competition for the Chair of Calculus at Turin would meet in

the second half of this month, and then that the competition was

4 Annuario dell’Universita di Torino (1899-90), 117.
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put off to an undetermined date. Finding myself completely in the
dark here, and having a number of personal affairs to take care of,
I am trusting in your well-known kindness in asking for informa-
tion.

I would like to know whether the commission will meet
sooner or later, or whether a second competition will be called for
and another commission appointed. Please give me any informa-
tion you in fairness can, and without violating any obligations.

Thank you for the notes you kindly sent me, and especially
for the latest on the curvature of surfaces, for which I have not yet
thanked you. This note interested me a great deal, especially since
it turned out useful in a question I have been studying. I am tak-
ing the liberty of enclosing a summary statement of this question,
along with the solution. If you believe it merits attention, I shall
try to publish it in some periodical.

Thanking you in advance for the favor, I have the honor of
professing myself, your devoted

G. Peano*®

Casorati replied from Pavia on 4 November:

Dear Peano,

What I know of the competition for Calculus at Turin is only
what the Minister telegraphed around the middle of October,
namely that the competition had to be put off to a later date be-
cause of the impossibility of finding two members to add to the
commission along with Professors Arzela, D’Arcais, and Tonelli.

My health was then and now so bad as to force me to scru-
pulously obey my doctor, who has forbidden, with particular in-
sistence, every serious intellectual work. That is why I was unable

to agree to be one of the two members mentioned above. In the

46 Gabba 1957, 866.
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meantime, no harm is being done to Turin, since the actual Incari-
cato is not lacking in ability, learning, or a gift for teaching.

I regret that my reply cannot satisfy the just desires you ex-
pressed to me.

I am pleased that my note on curvature was of interest. This
is something that has happened to many other mathematicians;
those few printed pages brought me a great number of very grati-
fying pages from my colleagues. Your formula seems to me very
deserving of attention. Hence, if I were in your shoes, I would not
hesitate to publish it. If you like, I or some other member could
insert it in the Rendiconti of the Lincei.

As soon as I receive copies, I shall send you a reprint of my
note in the Acta of Mittag-Leffler, with a few additional thoughts
that I hope you will find opportune.

I am, with respect,

yours affectionately,

Felice Casorati*’

It must have been disappointing to Peano, not to have Casorati on
the commission, since he was so clearly in favor of Peano, and to hear
that “no harm is being done to Turin” was cool comfort! There were,
after all, the “personal affairs” that he mentioned, so that the salary and
security of a professorship meant much to him. Patience was required,
for it would be another year before he would be named Genocchi’s suc-
cessor. As some consolation, he received in November a small promo-
tion at the Military Academy to Professor of the First Class.

There was nothing to do but accept the situation, so in his next
letter to Casorati, on 26 November, Peano merely thanks him for the
information and moves on to another item. This other item is not an-
other correction of a textbook mistake, but one of Peano’s rare attempts
to vindicate his priority to a correct formula. This was not typical of

him, especially in his later life, but at this period of the competition for

47 Gabba 1957, 869.
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the calculus professorship he presumably felt that he needed all the
recognition he could get. The case in point here was an approximation
formula for the perimeter of an ellipse that J. Boussinesq had published
in the Comptes Rendus of the Academy of Sciences of Paris. Peano had
already given this formula, in a slightly different form, in his Applicazi-
oni geometriche of 1887. He asks Casorati in his letter whether the mat-
ter is important enough and worth the effort of vindicating his priority.
He also accepts Casorati’s offer to submit the article, not yet completed,
on the area of a surface to the Lincei. He says, in fact: “My delay in re-
plying comes from my intention to send the manuscript also, but mat-
ters occupying me these days are so pressing that they absolutely pre-
vented it. I shall send it to you as soon as possible.”*

One wonders what these “pressing matters” were, since a publica-
tion in the Rendiconti of the Lincei Academy would certainly favor him
in the competition. Nor were his duties at the university any heavier
than the year before. It must be remembered, however, that he had
been doing the job of both professor and assistant for some time. No
doubt he now felt that he ought to have an assistant, now that he was
incaricato, and in fact an assistant was furnished him, but only at the
beginning of the next academic year.

On 14 December Peano sent the completed manuscript to Caso-
rati. His anxiety about it is shown in a note written on Christmas day,

only eleven days later:

Mlustrious professor

On the 14th of this month I sent you my manuscript on the
definition of the area of a surface; I fear it has been lost. Would
you please tell me if you received it?

My remark about the approximation of the perimeter of an
ellipse has already been presented to the Academy of Sciences of
Paris [22].

8 Gabba 1957, 870.
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Best wishes! Believe me
your most devoted,

G. Peano®

This time Casorati answered immediately. He wrote the following
day to apologize for his delay. Remarking that his health was improv-
ing, he promised to give Peano’s manuscript his first attention. With
regard to Peano’s vindication of priority, which had been presented to
the Academy of Sciences of Paris by Charles Hermite, he wrote: “I am
glad your remark about the formula for the ellipse has been presented
to the Academy of Paris. Boussinesq was very pleased with that for-
mula, but he is a good man, and can only find your vindication just.”*®

Casorati wasted no time, and could report to Peano on 6 January
1890 that he had sent his note to Pietro Blaserna for insertion in the
Rendiconti of the Lincei Academy (of which Blaserna was secretary and
would be president from 1904 to 1916). He says that he has asked that
the proof-sheets be sent directly to Peano, and suggests that Peano “re-
mind the reader of the merit of Schwarz independently of the Cours of
Mr. Hermite.”!

Peano’s next publication was a bombshell—the first example of a
space-filling curve [24]. It is a landmark in the history of the study of
dimensionality. Already in 1878 Georg Cantor had shown that it was
possible to establish a one-to-one correspondence between the points
on a line and the points on a plane, thus dispelling the common notion
that there are ‘more’ points in two-space than in one-space. E. Netto
showed shortly afterwards that such a correspondence was necessarily
discontinuous. It was then thought that a continuous curve in two-
space, i.e., one given by continuous parametric functions of a single
variable, x = f (t) and y = g (t), was such that it could be enclosed in

a region of arbitrarily small area. In four pages of the Mathematische
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50 Gabba 1957, 871.
5! Gabba 1957, 872.



Making a Career 45

Annalen Peano gave expressions for functions f, g, such that as t varies
over the unit interval, the curve described goes through every point in
the unit square. Thus, as Peano remarks in his first paragraph, “given
an arc of a continuous curve, without any other hypothesis, it is not
always possible to enclose it in an arbitrarily small region.”>* Peano’s
mapping is not one-to-one, of course, since that would contradict
Netto’s theorem. In his Grundziige der Mengenlehre (1914) Felix Haus-
dorff wrote of Peano’s discovery: “This is one of the most remarkable

facts of set theory.”?

- .
i

Fig. 1 Fig. 2

Two curves in a sequence whose limit is Peano’s space-filling curve

In 1891 Hilbert published the first intuitive geometrical example
of such a curve. His curve results as a limit of a sequence of curves. It is
probable that Peano was led to the construction of his curve by such
considerations. This is shown by his publication in the last edition
(1908) of the Formulario of such a sequence of curves. He also had one
of the curves in this sequence constructed on the terrace of the villa he
purchased in the summer of 1891, where the curve showed up as black

tiles on white. His 1890 publication, however, is purely analytic. Ugo

52 Peano, Opere Scelte 1: 110.
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Cassina has suggested that this is probably because he wished no doubt
about the validity of his result and because he typically suppressed every-
thing unnecessary to the goal set. “Besides,” Cassina added, “the diffi-
culty does not lie in becoming aware intuitively of the fact that a planar
region can be conceived as the limit of a variable polygon, but in giving
the explicit expression of the coordinates of a point of a planar region
as continuous functions of a variable parameter in the interval.”*

Peano closes his note with the observation that his parametric
functions are nowhere differentiable. We may add that his curve also
has the property that, given any two points on the curve, the arc length
between the two points is infinite. A curve often cited as having this
property was invented by Helge von Koch in 1904.

Two brief notes in the Belgian journal Mathesis followed. The first
[25] showed the conciseness of his new symbolism by presenting the 25
propositions of the Fifth Book (the theory of proportions) of Euclid’s
Elements on a couple of pages. The second [26] gave minimal condi-
tions necessary for second order partial derivatives of a function to

commute. The theorem is:

If f,,(x,y) exists in a neighborhood of x = a, y = b, and is
continuous at x = a, y = b, and if f, (x,b) exists in a neighbor-
hood of x = g, then f,,(a,b) exists also, and f,,(a,b) = fxy(a,b).55

It seems that someone told Peano that Schwarz had already pub-
lished this theorem, so recalling Schwarz’ discovery of the error in Ser-
ret’s definition of the area of a curved surface, Peano wrote him on 27
April 1890, to ask if this were the case. Apparently Schwarz replied in
the negative.

Peano seems at this time to have become convinced of the real
value of symbolism in mathematics. But how to spread his ideas? No

doubt journals were reluctant to accept articles requiring a great many

54 Cassina 1961a, 133.
55 Peano, Opere Scelte 1: 117.
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new symbols, and it would take more than a display of Euclid in con-
cise symbolism to make converts. To get printed and read an article
using his symbolism would have to have important mathematical con-
tent. His next publication in the Mathematische Annalen did.

This paper [27] proved the existence of a solution of a system of
differential equations on the sole assumption that the functions consid-
ered be continuous (a generalization of his 1886 theorem). After stating
the theorem, he says: “The whole proof has been reduced here to for-
mulas of logic, analogous to the formulas of algebra, for, although it is
not difficult, its complete development in ordinary language would be
excessively complicated.”®® He has, of course, understated his case.
Only the second half of the paper is given to the proof of the theorem.
The first half is given to explaining the logical symbolism and develop-
ing some theory used in the proof. The theorem was accepted by
mathematicians as valid, but it is doubtful that many thought the sym-
bolism really necessary. It is probably significant that in 1893 Gustav
Mie published a popular version in German of the proof of the theorem.
It was in this work that Peano first introduced the distinction between
an individual and the class composed of this individual alone. He used
for this the Greek letter iota, the initial of the word {oog (equal to).
Thus, if b is an individual, then b is the set containing the single indi-
vidual b. As a consequence, the identity a = b may be written a €ib.
This paper is of interest, too, because it contains the first explicit state-
ment of the axiom of choice, fourteen years before its statement by
Zermelo. After remarking that he had translated a certain symbol by
“an arbitrary individual of the class a”, Peano then says: “But since we
may not apply an infinite number of times an arbitrary law whereby to
a class a is made to correspond an individual of that class, we have
formed here a determined law whereby to each class a, under certain
hypotheses, we make correspond an individual of that class.”” Thus

Peano rejects the axiom of choice. He discussed this more thoroughly in

56 Peano, Opere Scelte 1: 120.
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1906 [133] (after Zermelo had introduced it in 1904), again insisting
that the axiom of choice was not an ordinary form of argument and
that a proof using it was not valid “according to the ordinary value of
the word ‘proof’.”"®

In July, Peano was on vacation in Savona, on the Riviera about 29
miles west of Genoa. This was followed by an attack of smallpox, which
lasted from 1 to 22 August.

When the academic year began in October 1890, Peano had an
assistant for the first time, Filiberto Castellano, who had previously
been assistant in algebra and analytic geometry. He had graduated at
the university the year after Peano and would soon become a professor
of rational mechanics at the Military Academy. He early introduced
vectorial methods into his lessons, which were published as a text in
1894. According to Peano’s necrology of Castellano [190] (after his
death on 24 January 1919), this text was the first in rational mechanics

to make methodical use of vectors.

58 Peano, Opere Scelte 1: 349.
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CHAPTER 5

EXTRAORDINARY PROFESSOR

On 1 December 1890 Peano’s long wait was over. After regular
competition, he was named Extraordinary Professor of Infinitesimal
Calculus at the University of Turin. With the appointment secured, he
could now move more confidently with the plans he had been maturing
for founding his own journal. It had been a decade since his graduation,
a decade of struggle in which he was given the tasks of a professor,
without the recognition. Apart from the brief unpleasantness over the
Calcolo of 1884, there had been no real difficulties, and surely no one
was surprised at his nomination as professor. It had, in fact, been a very
productive decade, but now a new period was beginning and its first
decade would be even more productive.

Before the year ended, two more notes of Peano were published.
On 7 December 1890, Eugenio Beltrami presented to the Lincei Acad-
emy a note on approximations to the area of an ellipsoid [28] that gave
several improvements on approximations contained in a text of Boussi-
nesq earlier that year. The second note [29] also was concerned with
correcting errors, this time in von Staudt’s Geometrie der Lage, an Italian
translation of which had been published the previous year by Mario
Pieri. Peano’s note was presented to the Academy of Sciences of Turin
on 28 December by Corrado Segre. Although Segre was five years
younger than Peano, he had graduated at the University of Turin in
1883 while not yet twenty years old, and was able to win the competi-
tion for the Chair of Higher Geometry in 1888, becoming a member of
the Academy of Sciences a year later. This was the last paper by Peano
that would be presented to the Academy by someone else, for on 25
January 1891 Peano was elected a member. (The election was con-
firmed by a royal decree of 5 February and announced at the session of
22 March.)
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Peano’s continued interest in the geometrical calculus showed in
the publication that spring (the preface is dated: January 1891) of a 42-
page pamphlet on the elements of geometrical calculus [30]. A German
translation by Adolf Schepp was published later that year in Leipzig.

Plans were now ripe for the inauguration of the journal Rivista di
Matematica. There were several ‘founders’ and many collaborators, but
the inspiration and much of the practical editorial work was due to
Peano, who was officially the Director. In this journal (and its offshoot,
the Formulario) were published much of Peano’s pioneering work in
mathematical logic. The first volume (1891) contains, by Peano, five
original articles, observations on another article, a reply to a ‘declara-
tion,” an open letter, and four book reviews.

The founders of the Rivista, those who helped finance the first
volume, besides Peano, included Filiberto Castellano, already men-
tioned, Francesco Porta, and Francesco Porro. Francesco Porta was
himself a mathematics graduate of the University of Turin and had
been teaching at the Military Academy since 1877. Francesco Porro,
after graduating in physics at the University of Pavia in 1882, became
an assistant at the Brera astronomical observatory in Milan. In 1887 he
transferred to the observatory of the University of Turin, being named
director on the death of its former director, Alessandro Dorna, in Au-
gust of that year. Shortly after, he also assumed Dorna’s astronomy
course at the university (which had been temporarily entrusted to
N. Jadanza), being named Extraordinary Professor in 1896. In 1901
he transferred to Genoa.

The first article in the Rivista di Matematica is a ten-page summary
of Peano’s work to date in mathematical logic [31]. In his footnotes to
the article Peano calls attention to Leibniz’ prediction of a language
that “will be universal, equally easy and common, and able to be read
without any sort of dictionary, and at the same time a basic knowledge
of all things will be assimilated.” He then describes some of the work

of others and, especially, his own, and he says: “It thus results that the

59 Peano, Opere Scelte 2: 99.
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question proposed by Leibniz has been completely, if not yet perfectly,
resolved.”® The statement is a bit strong and contains much wishful
thinking, but it is revealing of Peano, for it gave him the greatest pleas-
ure to see his work as a fulfillment of the dream of Leibniz. Here he
also quotes Ernst Schroder to back up his claim. For the first time he
mentions Gottlob Frege in a footnote.

A brief note summarizes Books Seven, Eight, and Nine of Euclid’s
Elements, in a way similar to what he had previously done for Book Five
[32].

An article entitled simply ‘Formulas of mathematical logic’ [35] is
his first attempt to treat logic along the lines previously attempted for
arithmetic and geometry. It is an analysis of the calculus of propositions
based on four undefined or primitive terms (represented by the symbols
D U - A) and twelve axioms or primitive propositions. This was fol-
lowed later by brief ‘additions and corrections,’ in which he was able to
reduce the number of primitive propositions and add a number of new
formulas, giving credit for most of them to Volumes I and II of Ernst
Schroder’s Vorlesungen iiber die Algebra der Logik, which appeared in
1890 and 1891 respectively. In the meantime, he wrote a review of
these two volumes [39]; although he has criticisms to offer, it is on the
whole full of praise. Peano says: “I conclude this review with admira-
tion for this magisterial work of the author, in which is contained every-
thing that refers to this new branch of science up to today.”

The important article ‘On the concept of number’ [37] is likewise
in two parts, the first following the ‘Formulas of mathematical logic.” In
it he compares his analysis with Dedekind’s as given in Was sind und
was sollen die Zahlen? (1888) and proves, for the first time, the inde-
pendence of his five axioms for the natural numbers (the positive inte-

gers). The axioms, as given in [37], are:®!

60 Peano, Opere Scelte 2: 99.
61 Peano, Opere Scelte 3: 84.
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(D1eN.

(2) + e N\N

3)abeN.a+ =b+:D.a=0>b.
41-eN+
(5)seK.1les.5+Ds:D.NDs.

They may be read:*?

(1) One is a number.

(2) The sign + placed after a number produces a number.

(3) If a and b are two numbers, and if their successors are equal,
then they are also equal.

(4) One is not the successor of any number.

(5) If s is a class containing one, and if the class made up of the
successors of s is contained in s, then every number is contained in the

class s.

These postulates were not further reduced in number, although
their form was changed, due to modifications in Peano’s notation.

With regard to the possibility of defining number, he says:

It is necessary to first say which are the ideas we may use.
Here we suppose known only the ideas represented by the signs
U (and), N (or), — (not), € (is), etc., which were treated in the
preceding note. Now, number cannot be defined, since it is clear
that however these words are combined, we will never have an

expression equivalent to number.5?

He takes up this question again in the second part of this article,

where he considers the questions: “Can the idea of number be defined,

62 Peano, Opere Scelte 3: 85.
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using simpler ideas? Can the commutative property be deduced from

simpler properties?”®* His reply is:

To these questions may be given different answers by vari-
ous authors, since simplicity can be diversely understood. For my
part, the answer to the first is that number (positive integer) can-
not be defined (seeing that the ideas of order, succession, aggre-
gate, etc., are just as complex as that of number). The answer to

the second has been affirmative.®®

It is in the concluding paragraphs of this article that we find the
first hint of the Formulario project that would take up much of his edi-
torial activity from 1894 to 1908. This will be discussed in Chapter 6.

The book reviews reveal Peano’s linguistic ability, for the books
reviewed were written in English, Italian, German, and Polish. The first
[33] reviews The directional Calculus, based upon the methods of H. Grass-
mann (1890) of Edward Wyllys Hyde. This was the first textbook on
Grassmann’s calculus in English. Peano finds it similar to his own Cal-
colo geometrico of 1888 and with some of the same defects of terminol-
ogy. The second [34] reviews a calculus text of Francesco D’Arcais.
Peano finds it a good combination of rigor and clarity. In fact, this book
reached a third edition in 1912. The third [38] is not properly a review.
Peano begins: “Because of the importance and topicality of the subject,
we announce the appearance of this book, publishing a summary and
postponing the review of it until after having carefully read it.” The
subject of this volume is ‘The theory of operations’ and its author was
Samuel Dickstein, with whom Peano would later share an interest in
an international auxiliary language. Peano closes: “The difficulty of
the language (Polish) is more apparent than real, since formulas,

mathematical terms are already common to all languages, and the style

64 Peano, Opere Scelte 3: 98.
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peculiar to mathematicians greatly helps in reading it.” The fourth re-
view [39], of Schroder’s Algebra der Logik, has already been mentioned.

Along with an article by C. Segre on directions of geometrical re-
search, Peano published a few observations [36], that were suggestions
made to Segre after he had submitted his manuscript in February. Segre
did not revise his manuscript and Peano simply appended his remarks.
This gave rise to a brief polemic, Segre writing a ‘declaration’ of his
position and Peano appending another ‘reply’ [38.1]. Peano had
pointed out that some of Segre’s theorems were incorrect in that they
had exceptions which he had not pointed out. Segre defended himself
by saying that the moment of discovery is more important than the
rigorous formulation, and mentioning works that were historically
important, but contained errors.

Peano took personally one of Segre’s remarks and replied: “I hold
the scientific polemic to be one of the forms under which ideas may
sometimes usefully be expressed. I, myself, owe to polemics a close
friendship with a momentary adversary whom I did not previously
know. But, in order that the polemic not be useless and damaging, it is
necessary that it be carried out strictly scientifically.” The friendship
referred to is probably that with Francesco Giudice, following their
brief exchange in 1888. Giudice became a collaborator on the Rivista di
Matematica and Peano presented several of his papers to the Academy
of Sciences of Turin. In Segre’s case, this may have been the wedge that
began the split of the mathematics faculty at the university into two
factions, with Peano the leader of one side and Segre a leader of the
other.

Peano (as Director of the Rivista) had the last word: “I believe it
new in the history of mathematics that authors knowingly use in their
research propositions for which exceptions are known, or for which
they have no proof; and instead of following past mathematicians in the
innumerable points in which they worked correctly, take as model the
rare points that are defective.”

The open letter to Giuseppe Veronese (dated 1 December 1891)

[40] is in response to a criticism in Veronese’s book Fondamenti di
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geometria a pitt dimensioni. There is also brief mention of the polemic
with Segre, which had prompted Veronese’s remarks, and Peano chal-
lenges Veronese to answer publicly. This Veronese does in a note dated
29 February 1892 (but with a footnote saying that an answer would
have been published sooner except for a serious family misfortune).
The lengthy reply is a strong defense of his book. Peano’s brief reply
[54] (dated 22 May 1892) asserts only that Veronese did not directly
answer his objections. He closes with: “The purpose of my open letter
was to appeal to the public against the pronouncements made by Prof.
Veronese with regard to my writings. My purpose was obtained, the
question is closed.”

The last of Peano’s articles in the first volume of the Rivista is
merely a footnote to a proof by Emmanuel Carvallo of the “fundamen-
tal theorem of spherical trigonometry” [41]. Peano points out that this
is an elegant application of the internal product of two vectors and that
Carvallo follows Grassmann’s notation A | B for this product.

At the 22 November session of the Academy of Sciences of Turin,
Peano presented his first note since becoming a member [42]. In it he
continues the discussion of Taylor’s formula begun in 1889 [19], con-
sidering it for the case where the function involved is expandable by a
Taylor’s series. A German translation of this note was appended to the
1899 German translation of the Calcolo differenziale of 1884.

There was one more publication in 1891, a formula dealing with
the area of an ellipsoid, which had been proposed as a problem for
readers of the Nouvelles Annales de Mathématiques [42.1].

On 14 July 1891 Peano bought a villa in Cavoretto, a district in
the hills just south of Turin and east of the Po River (specifically at Val
Patonera, No. 566). This included 8820 square meters of land (a bit
over two acres) and cost 7500 lire.

As a result of disorders, the university was closed from 26 January
to 3 February 1892. The disorders were then renewed and several
courses had to be suspended also until 15 February. Since this inter-

fered with the examination period, the Academic Council granted an
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extraordinary session of exams for those students who needed to pass
only two more in order to graduate.

No doubt Peano took advantage of the unexpected university
vacation to continue his intensive activity on the Rivista di Matematica.
Volume 2 (1892) contains no less than eleven items written by him.
These include an observation on a problem submitted to the Rivista
[43], a summary of Book Ten of Euclid’s Elements [44], interpreting the
propositions algebraically and using Peano’s symbolism, a review, writ-
ten with Francesco Giudice, of an elementary algebra text of Domenico
Amanzio [44.1], observations on the analysis text (in seven volumes,
1885-1891) of Hermann Laurent, professor at the Ecole Polytechnique
in Paris [46], and a necrology of Enrico Novarese [46.1], who died
prematurely on 14 January 1892. (He was born on 15 June 1858, and
so was almost exactly Peano’s age.) Novarese was professor of rational
mechanics at the Military Academy and assistant at the university. He
published a dozen articles (seven of them in the Atti of the Academy of
Sciences of Turin) and was one of the founders (according to Peano) of
the Rivista, to which he had contributed one article and a necrology of
Sofya Kovalevskaya.

Further articles by Peano in this volume of the Rivista include:
simple examples of increasing functions that are discontinuous in every
interval [47], a proposed question [48], an elaboration of Cantor’s
proof of the impossibility of segments of constant, but infinitesimal,
length [51], a note on the definition of the limit of a function [52], and
a review of a pamphlet by Albino Nagy [53].

In the article on the limit of a function he proposed the adoption
of what has since come to be called in topology ‘cluster point’ of a func-
tion, in place of the usual definition of limit. In modern notation, if f is
defined on an open interval containing a, then ‘L is the limit of f as x

approaches a ’ means:

VeddVx (0 < |x—a| < 8 =|fO)-L| < ¢).
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On the other hand, ‘C is a cluster point of f as x approaches a’

means:
VeV8Ix (0 < [x—a| < 8=|f(x)-C| < ¢).

Whereas there can be only one limit point, there may be more
than one cluster point. This disadvantage is more than made up for,
according to Peano, by the advantage that, if + . and —< are allowed
as values, then f always has a cluster point. Then, if the function has a
unique cluster point, it is the limit point according to the usual defini-
tion. He developed the theory of limits in this way in his calculus text
for the Military Academy, published in 1893 [60] and in an article for
the American Journal of Mathematics in 1894 [68].

In an article earlier in the spring, Peano had discussed the relation
between two different definitions of derivative [45]. This was a follow-
up to his polemic with Gilbert, of the University of Louvain, and was
appropriately published in a Belgian journal (Mathesis). A note in the
French journal Nouvelles Annales de Mathématiques [49] improves on a
previous note of Emile Picard regarding the existence of solutions to
systems of differential equations.

On 27 March 1892 Peano presented his second paper [50] to the
Academy of Sciences of Turin. In it he generalizes Simpson’s formula to
an infinite sequence of formulas, of which the trapezoidal rule and
Simpso